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Abstract 



This note provides some technical support to the proof of a result of W. Winter which 
shows that two unital separable simple amenable Z-absorbing C*-algebras with locally fi- 
nite decomposition property satisfying the UCT whose projections separate the traces are 
isomorphic if their if -theory is finitely generated and their Elliott invariants are the same. 

iT) 

\D ■ 1 Introduction 

ON ■ In [11 j . W. Winter provided a fascinating method for the Elliott program of classification of 

amenable C*-algebras. Let A and B be two unital separable simple amenable C*-algebras 
which are ^-absorbing. Winter showed that if A C is isomorphic to B ® C, for any unital 
UHF-algebra C, then there is a way to show that A is actually isomorphic to B. It is known that 
for many separable amenable simple C*-algebras, A®C has many known properties that A does 
not have. For example, it was proved (also by Winter) that, for every 2-absorbing C*-algebra 
A with locally finite decomposition rank whose projections separate the traces, A®C has tracial 
rank zero for every UHF-algebra C (see [9]). However, A itself may not have finite tracial rank. 
Winter's method shows that two unital separable simple amenable ^-absorbing C*-algebras 
with locally finite decomposition rank and with finitely generated X-theory whose projections 
separate the traces are isomorphic if their Elliott invariants are isomorphic. The main purpose 
of this note is to provide some technical support to the proof of the above mentioned result of 
Winter. 
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2 Some notation 



2.1. Let A and B be two unital C*-algebras. Suppose that (p,ift : A — > B are two homomor- 
phisms. Define the mapping torus of tp and ip as follows: 

= {x £ C([0,l],B) : x(0) = <p(a) and x(l) = ip{a) for some a € A}. (e2.1) 

Thus one obtains an exact sequence: 

0-»S5-!»M^^A->0, (e2.2) 

where 7ro : M« ^ — > j4 is the point-evaluation at i = 0. 

Suppose that A is a separable amenable C*-algebra. From (je 2.2|) . one obtains an element 
in Ext(A,SB). In this case we identify Ext(A,SB) with KK 1 (A, SB) and KK(A, B). 

Suppose that [cp] = [ip] in KL(A,B). The mapping torus corresponds to a trivial 

element in KL{A,B). It follows that there are two exact sequences: 

_» R^B) % Ko(M^) ^ K Q {A) -» and (e2.3) 
- K (#) ^> K±(M^) ^x(A) -» 0. (e2.4) 
which are pure extensions of abelian groups. 

Definition 2.2. Now let B be a unital C*-algebra with non-empty tracial state space T(B). Let 
u € Mi(Mtpip) be a unitary which is a piecewise smooth function on [0, 1]. For each r € T(B), 
we denote by r the trace r (8) Tr on Mi(B), where TV is the standard trace on Mi. Define 

jw«)oo = in I' Ti ^ umdt (e2 - 5) 

When = [^] in KL(A, B) and roy? = to-^ for all r G T(B), there exists a homomorphism 

: K^M^) ^ Aff(T(B)) 

defined by 

R...,Cli,,nM= , , 

We will call Rm$ the rotation map for the pair </? and ip. 
Moreover, the following diagram commutes: 

K (B) ^i(M^) 

Aff(T(B)) 
See section 3 of |6j for more information. 



Definition 2.3. If furthermore, [<p\ = [ip] in KK(A, B) and A satisfies the Universal Coefficient 
Theorem, using Dadarlat-Loring's notation, one has the following splitting exact sequence: 

-► K{SB) ^K{M vim ) T± e K(A) -» 0. (e2.6) 
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In other words there is 9 G Hom\ (K (A) , K (M ipi tp2 )) such that [ttq] o 9 = [id^]. In particular, 
one has a monomorphism 9\k 1 (A) '■ K\(A) — ► K\{M V ^) such that [ttq] o9\k 1 (A) = (idA)*i- Thus, 
one may write 

^i(M^) = tf (5) #i(A). (e2.7) 
Suppose also that r o = r o <^ 2 for all r G T(B). Then one obtains the homomorphism 

R^o9\ Kl(A) : i^(A) -> Af f(T(B)). (e2.8) 

We write 

if i?^^ o0 = O, i.e., 0(i^i(j4)) G keri? ¥ , 1)¥ , 2 for some such 0. Thus, 6* also gives the following: 

keri?^ = kerp s © -Kd(A). 

Definition 2.4. Let vl and B be two unital C*-algebras and let <p, ip : A — > B be two homo- 
morphisms. We say <p and i/> are asymptotically unitarily equivalent if there exists a continuous 
path of unitaries {u(t) : t E [0, 1)} of £> such that 

limadu(i) o 99(a) = VK ) fo r an a G A (e2.9) 

We say ip and ?/> are strongly asymptotically unitarily equivalent if u(t) can be so chosen that 
u(0) = 1. 

We use the following result in the proof. 

Theorem 2.5. (Theorem 9.1 of [6]) Zei A be a unital AH-algebra and let B be a unital simple 
C* -algebra with tracial rank zero. Suppose that (fi,f2 '■ A — > B are two monomorphisms. Then 
ipi and tp2 are asymptotically unitarily equivalent if and only if 

[ipi] = [tp2] in KK(A,B), ro^ = r o tp 2 for all r G T(A) and fj Vl> <p 2 = {0}. (e2.10) 



In what follows, Q denotes the UHF-algebra with Kq(Q) = Q and [1q] = 1, and if p is a 
supernatural number M p denotes the UHF-algebra associated with the supernatural number p. 

3 The Main results 

Lemma 3.1. Let A be a unital C* -algebra and let hi, h,2, h n be self-adjoint elements in A. 
Suppose that v is any unitary in A and 

n 

u{t) = vj\e ih ^ te[0,l]. 
j'=i 

Then, 

f ( m umit ._± T{h 



'3 ) 



for all t G T(A). 
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Proof. Note that for any unitary w £ A and any tracial state r G T(A), 

r(whjW*) =r(hj), j = l,2, ...,n. 

It follows that 

for all r G Thus the lemma follows. 

□ 

Lemma 3.2. Let B be a unital separable simple amenable C* -algebra such that B ® Q has 
tracial rank zero. Let A be a unital separable amenable simple C* -algebra with tracial rank zero 
satisfying the UCT such that Ki(A) is torsion free (i = 0, 1). 

Suppose that (p%,(f2 '■ A — > B ® Q are two unital homomorphisms with 

[<px] = M in KK{A,M®Q). 

Suppose that ip\ induces an affine homeomorphism (<pi)u '■ T(B (g> Q) — > T(.A) fry 

(¥»i)k(t)(o) =TOi Pl (a) 

for all t G T(B ® Q) and a £ A. 

Then there exists an automorphism a G Aut((fi(A)) with [a] = [id Vl ^] in KK(tpi(A), <pi(A)) 
such that ao tpi and (f2 are strongly asymptotically unitarily equivalent. 

Proof. Let 

M V uv>2 = if e C([0,1],B®Q) : /(0) = V9i(a) and /(l) = ^(o) for some a G A}. 

Note that, since Ki(B <g> Q) is torsion free, i = 0, 1, 

KK(A, B®Q) = Hom(K*(A), K*(B ® Q)). 

Since we assume that [</?i] = [932] m KK(A, B <3)Q), there exists a homomorphism 9 : -ftTj(A) — > 
Ki(M Vl)tp2 ) such that 

[to] 

ITi-iCB ® Q) ^Ki(M Vl ^ 2 )^ d Ki(A)^0 

splits (i = 0, 1). 

Since A has real rank zero, we also have 

roj)i(o) = t o (^2(0) for all a G A (e3.11) 

and for all r G T(B ® Q). 

Let Ry, im : K x {M ipuip2 ) -> Af f(T(B ® Q)) be the rotation map. Put C = i^i(A). By the 
classification theorem of [5] , C is a unital simple AH-algebra with no dimension growth and with 
real rank zero. Since Ki{C) is torsion free, it follows that C is a unital simple AT -algebra with 
real rank zero. 

By 4.1 (see also Theorem 4.4) of [3j, there exists an automorphism a G Aut(C) with [a] = 
[id c ] in KK(C,C) satisfying the following: there is 6*1 : K X (C) -> K x (M a ) so that 

(R a o 0i)((¥>i) tt (r)) = -(i^ llVa o 0)(r) for all r G T(B ® Q), 
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where 

M a = {g G C([0, 1],C) : a(0) = a and #(1) = a(a) for some a G C} 

and 

« («)W = ^ F jf 1 r(^«(tr)A 

for all unitaries u G M fc (M a ) (fc = 1,2, ...,) and r G T(C). Note that [a] = [id c ] in KK(C,C). 
Therefore, one computes that 

[ao^j = [(^i] in KK(A,B®Q). 
Now consider the mapping torus 

Mao^!,^ = {/ G C([0, 1},B (g)Q) : /(0) = a o 991(a) and /(l) = <£ 2 (a) for some a G A}. 

Define # 2 : K^C) -» Xi(M Q0Vl . i¥ , 2 ) as follows: 

Let > be an integer and u G Mk(M aotpi ^ 2 ) be a unitary. 

We may assume that there is a unitary u>(t) G M/ t (M lfil ^ 2 ) such that 

w(0) = ^(u'), w(l) = ^(u'), K] = M in (e3.12) 
and 6>([u]) = in ^(M^J (e3.13) 

for some unitary v! G Mk(A). To simplify notation, without loss of generality, we may assume 
that there are hi, /i 2 , h n G Mfc(A) s . a . such that 

n 

u*u f = exp(ihj). 
3=1 

Define z(t) = uU" =1 exp(fyt) (t G [0, 1]). Consider {(fi(z(t)) : t G [0, 1]}. Then 

<£i(z(0)) = and (pi(z{l)) = <pi{vf). 

Moreover, by I3.1|, 

nl t Apx{z{t)) 

3=1 

for all r G T(A). Consider Z(t) = f 2 (z{l - t)). Then 

Z(0) = ¥> 2 (m') and Z(l) = y? 2 (u). 

^ r( ^ 2 (,(l-t)) y2( ^ (1 _ t)r)df = _ ^ r( ^ (%)) 

Jo 3=1 
for all t G T(A). Note that 

T (f2(hj)) = T(cpi(hj)), j = 1,2,..., n. 

It follows that 

1 aViO(i)) , Z" 1 , <fy?2(z(l - tj) t\\*\Jt n 

(^i(n(t)j )ai + / r( — v? 2 (z(l-t)J Jat = 



dt ' ./n di 

for all r G T(A). 
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Therefore, without loss of generality, we may assume that u = v! in (je 3. 12|) . We may also 
assume that both paths are piecewise smooth. 

We may also assume that there is a unitary s{t) G Mk(M aot p 1>(pi ) such that 

s(0) = aoip 1 (u),s(l) = tpi(u) in Ki(A) (e3.14) 

and = [«(t)] in Ki(M aoifiim ). (e3.15) 

Define ^(M) = M> where 

^) = ( s(2t)ifte[ °' 1/2) (eS.16) 

V ; \w(2(t - 1/2)) if t G [1/2,1], V ' 

Thus 6*2 gives a homomorphism from ifi(^4) to Ki(M aoipi ^ 2 ) such that (7To)*i o # 2 = idx 1 (A)- 
Since [a o = [^j] in KK(A, C)), we also have 

[a o v?i] = [<P2\ in B Q). 

There is also a homomorphism 9' 2 : -fTo(^4) — ¥ Ko(M aot p lt(p2 ) such that (7To)*o G'2 = [idf^M)]. 
Then 

*W 2 (M)W = ^ f 1 r(^-v(t)*)dt (e3.17) 

•/ 

= ^ f 1/2 T(^s(2ty)dt+ (e3.18) 



27T Jo ^ 

= fl B o V1 , w oei([«])(^|t(r))+i2 ¥ , 1 , va o0([«])(r) = O (e3.20) 

for all r G T(B®Q). 

Thus fjaotpx ips = 0. Note that, by [5], ^4 is an AH-algebra. It follows from Theorem 12.51 
that a o (pi and ip2 are asymptotically unitarily equivalent. Since Ki(B ® Q) is divisible, 
H x (Kq(B <g> Q),Ki(B <g> Q)) = (g) Q), and by 11.5 of [6J, we conclude that a o tp x and 

(p2 are strongly asymptotically unitarily equivalent. 

□ 

Lemma 3.3. Let B be a unital separable simple amenable C* -algebra such that B ® Q has 
tracial rank zero. Let p be a supernatural number of infinite type and let A = C (g> M p be a 
unital separable amenable simple C* -algebra with tracial rank zero satisfying the UCT such that 
Ki{A) = Tor(Ki(A)) © Gi, where G{ is torsion free (i = 0, 1 ). Suppose that (pi , tp2 : A — ► B <S> Q 
are two unital homomorphisms with 

[(pi] = [<p 2 ] in KK(A,M®Q). 

Suppose also that (pi induces an affine homeomorphism (</?].)« : T[B ® Q) — > T(j4) fry 

Oi)tf( r )( a ) = TO(pi{ a ) 

for all t G T{B <g> Q) and a £ A. 

Then there exists an automorphism a G Aut{(pi{A)) with [a] = [id^^)] in KL((pi(A), <pi(A)) 
such that a o (pi and ip2 are strongly asymptotically unitarily equivalent. 



6 



Proof. Let d : K${A) — > Aff(T(A)) be the homomorphism induced by t([p]) for all r G T(A) 
and projections p G A. There is a homomorphism hi : Mp — > Mp such that h\{\) = e for 
some projection e G M p with e / and e / 1. This /ii gives an injective homomorphism 
71 : d{K (A)) -» d(if (-4)) such that 71 (r) = [e]r for r G d(l£o(C M p )). Put A x = y>i(A). 
Define h G iZorr^i-C^Ai), if*(Ai)) such that 

h \K (Ai) =7i°d,, h\ Gl = id| Gl and 

h\Tar(K-i_(A x )) = {0}- 
There is a unital simple AT-algebra D with real rank zero such that 

(K (D),K (D) + , [l D ],Kx(D)) = (h{K Q (A{)), h((K (A 1 )) + ), h([l Al }), G x ). 

So Ki(D) = Gi (i = 0, 1). It follows from [5] that there exists a unital homomorphism ip^ : A% — > 
D such that = h. Moreover, there is a homomorphism 1 : D — > A\ so that = idc;, 

t = 0,1. 
Put 

«=[id Al ]-[to^]GA'L(A 1 ,A 1 ). 

Note that k G KL(A\, A\)+ (see [5]). It follows from [5] that there is a homomorphism ip2 ■ 
A\ — > A\ such that fafi-Ai) = l^i — 2°V4(1ai) = &\ (fo r some projection e± G Ai) and [^2] = «< 
Define 

$(a) = i o ^i(a) + ^2(0) for all a G Ai. 

It is clear that 

[$] = [id Al ] in KL(A X ,A X ). 

It follows that 

[$op 2 ] = [^] in KK(A,B® Q). 
Let #1 : Ki(A) — > Ki(M§ 0ipi ^ 2 ) (i = 0, 1) be such that 

[to] 

-» ZQ_i(£ ® Q) -» ^(M^ liV2 )^ ei iiQ(A) -» 

splits, where 

M$ 0ipim = {/ G C([0, 1], B ® Q) : /(0) = $ o <^(a) and /(l) = 993(a) for some a G C}. 

Let T/i = ^o^.^o^i. We will identify D with i(J3) and we identify Aff(T(D)) with A//(T(A)). 
It follows from [3] that there exists an automorphism a\ G Aut(D) with [ai] = [ido] in 
KK(D, D) satisfying the following: there is 9 2 : ifi(B) -» Ki(M Ql ) such that 

Baa #2((^i)»( T )) = ~Vi(r) for all r G T{B ® Q), 

where 

M Q1 = {/ G C([0, 1],D) : /(0) = ai(c) and /(l) = c for some c G £>}. 
Now define a' : D © ei$(Ai)ei -> D © ei$(Ai)ei by 

c/(c) = ai(c) for all c G B and a' (a) = a for all a G ei<&(Ai)e\. 

Define a = a' o $ : Ai — > Ai . Then 

[a] = [id Al ] in ifL(Ai,Ai) 
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and 

[a o Vl ] = [ip 2 ] in KK(A, B ® Q). 

Let k > be an integer and u G Mk(M$ 0(pi><p2 ) be a unitary. 

We may assume that there is a unitary w(t) G Mfc(M Vlj¥ , 2 ) such that 

to(0) = $o^ 1 (u'),«;(l) =(£ 2 (u'),K] = [u] in if i (A) (e3.21) 

and x ([u]) = [«j(t)] in K x {M^ 9l ^ 2 ) (e3.22) 

for some unitary v! G Mfc(A). 

We may also assume that there is a unitary s'(i) £ Mfc(M ai ) such that 

s'(0) = = u", [h{u")\ = [h{u)} in K X {D) (e3.23) 

and 6» 2 (M) = [a] in #i(M ai ) (e3.24) 

for some unitary it" G M/%(^4). Define s(t) = s'(i) © ° ( Pi{ u ") f° r ^ € [0, 1]. As in the proof 
of 13.21 we may assume that v! = u" = u. Now define 9 : K\{A) —* iCi(M a0(iC , lj(( 3 2 ) as follows: 
0(M) = Hj where 

^) = ( s(2t)iftG[ °' 1/2) (e3.25) 
V ; \w{2{t - 1/2)) if t G [1/2,1], V ; 

Thus # gives a homomorphism from -Ki(-A) to K\ (M aoifil >(p2 ) such that (7To)*i o = idx x (A)- 
Since [a o t^] = [ip t ] in KK(A, A)), we also have 



[a o v?i] = [<pz] m Kir(A 5 5 ® Q). 



Then 



JW,«,(M)M = ^jf T (^r»( ( )*)* < e3 - 26 ) 
= hT^^'^ < e3 ' 27 > 

li y^-^ ^-m)^ (e3.28) 
= i^aioio^!,^! °^2([«])((</'i)tt(7")) + -R*o ¥ > 1)V32 o 0i(M)(r) = (e3.29) 

for all r G T(B®Q). 

Thus fj aoipi ^ 2 = 0. It follows from Theorem l2.5l that aoi^j and are asymptotically unitarily 
equivalent. Again, since K\(B®Q) is divisible, as in the proof of [3.21 aoip 1 and </?2 are strongly 
asymptotically unitarily equivalent. 

□ 

Theorem 3.4. Let A and B be two unital separable amenable simple C* -algebras satisfying the 
UCT. Let p and q be supernatural numbers of infinite type such that Mp ® M q = Q. Suppose 
that A ® Mp, A ® Mq, B ® Mp and B ® M q /iaue tracial rank zero. 

Let dp : A ® Mp — > I? ® M p an<i pq : yl ® M q —> B ® M q 6e too unital isomorphisms. Suppose 

[a] = [p] in KK(A ®Q,B®Q), 

where a = a p ® idM q a^d P = Pq ® idM p • 
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Then there is an automorphism a G Aut(o~ p (A © M„)) such that 

[a o dp] = [cr p ] in KL(A © M p , B © M p ) 

and aoffpg idM q is strongly asymptotically unitarily equivalent to p, if one of the following 
holds: 

(i) Ki(A © M p ) is torsion free (i = 0, 1 J, 

(ii) © Mp) = Tor(Ki(A © M p )) © Gi, where Gi is torsion free i = 0, 1. 

Proof. It follows from 13, 21 that there exists /3 G Aut(B © Q) such that /3 o a is strongly asymp- 
totically unitarily equivalent to p. Moreover, \(5] = [ids^g] in KK(B(&Q,B®Q). Now consider 
two homomorphisms cr p and (3 o crp. One has 

[/3 o dp] = [cr p ] in KK(A © M p , B © Q). 

Since a p is an isomorphism, it is easy to see that a* : T(B © Q) — > T(A © Mm) is an affine 
homeomorphism. 

In case (i), since Ki(A®M p ) is torsion free, by applying l3.2l again. one obtains a G ^4?rf((7p(A© 
Mp)) such that a o cr p is strongly asymptotically unitarily equivalent to /3 o cr p . Note that <t(j4 © 
Mp) = B ® Mp. Put cr p = a o cr p and let a' = a o cr p © idjv^ . 

Define /3 o cr p © id M , : A © M p © M q -» (5 Q) © M q . Note that j : M q -> M q (8) M q defined by 
a — > a © 1 is (strongly) asymptotically unitarily equivalent to an isomorphism. It follows that a' 
is strongly unitarily equivalent to /3o<7p®id q . Since /JoidMc, ©1, l©idM q : -^q - ► /3(l©M q )©M q 
are strongly asymptotically unitarily equivalent (in (3(1 © M q ) eg M q ), /5 o a and /3 o cr p idjvf, 
are strongly asymptotically unitarily equivalent. 

It follows that a' is strongly asymptotically unitarily equivalent to (3 o a. Consequently a' is 
strongly asymptotically unitarily to p. 

The proof of part (ii) is exactly the same but we will apply [331 instead. 

□ 

Theorem 3.5. (8.1 of [11]) Let A and B be two unital separable amenable simple C* -algebras 
satisfying the UCT. Suppose that A<g> C and B © C are both of tracial rank zero for any UHF- 
algebras. Suppose also that 

(K (A),K (A) + ,[l A ],Ki(A)) (KoiBlKoiB^ilB^KiiB)). 

Then A® Z = B ® Z, if either 

(i) Tor(Ko(A)) and Tor(Ki(A)) miss at least one (the same) prime order, 

(ii) or Ki(A) = Tor(Ki(A)) © Gi for some torsion free Gi, i = 0,1. 

Proof. For case (i), suppose that Tor(Ki(A)) misses the prime order p'. Then it is easy to find 
a pair of relatively prime supernatural integers p and q such that Ki(A © M p ) is torsion free 
(i = 0,1). Let 

F : (K (A),K Q (A) + ,[1 A ],K 1 (A)) * (K (B), K (B) + ,[1 B ], K^B)) 

be the isomorphism. Let k G KK(A, B) be an element which gives T. 

Then there are isomorphisms a p : A © M p — > B © M p and p q : A © M q — > I? © M q given by 
k © [idjvfp] and k © [id q ]. Since B © Q is divisible, it is easy to see that 

[dp © id M J = \p q © idM p ] in KK(A ®Q,B®Q). 

Put a = Cpgidjvf and p = p q ©idA/ p . Then, bv !3.4l cr and p are strongly asymptotically unitarily 
equivalent. Therefore Y can be lifted along Z pA (see 4.7 of [TT]). 
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One then applies Theorem 7.1 of |llj . 

For case (ii), there exists a sequence of integers {m^} such that 

M p = lim (M mk ,h k ), 

n—>oo 

where h k is standard amplification. Thus (hk)*i is a multiplication by rrik+i/mk- Note also that 

A (g> M p = lim (A ® M m , , id A ® /» fc ). 

It follows that 

(g) M p ) = Tor(Ki(A ® M p )) 

where G\ is torsion free. 

One then applies part (ii) of 13.41 as in the proof of (i). □ 

Note that in the following statement A is not assumed to be of real rank zero, as a priori. 

Corollary 3.6. Let A be a unital separable simple Z-absorbing ASH-algebra A whose pro- 
jections separate the traces. Suppose that Kq(A) has the Riesz interpolation property and 
K (A)/Tor(K (A))¥Z. 

Then A has tracial rank zero and A is (isomorphic to) an AH-algebra with no dimension 
growth and with real rank zero if either (i) or (ii) of 13.51 hold. 

Proof. For any UHF-algebra C, A ® C is approximately divisible and its projections separate 
traces. It follows from [lj that A®C has real rank zero, stable rank one and weakly unperforated 
Kq(A ® C). Note that A <g> C is also an ASH-algebra. It follows from a result of Winter ([10]) 
that A ® C has tracial rank zero. Since A is 2-absorbing, Kq(A) is weakly unperforated (Prop. 
1.2 of [8]). Now by [2], there exists a unital simple AH-algebra B with real rank zero and with 
no dimension growth such that 

(K (A), K (A)+, [1 A ], K X {A)) * (K (B), K (B)+, [1 B ], K^B)). 

It follows from [10] that B <S> 2 has tracial rank zero. By 13.51 A = B ® Z. 

□ 

Please see section 8 of [TT| for other consequences of 13.51 and further discussion. 
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